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Abstract

Differential ray tracing is a well-known
technique in geometrical optics. There
are a variety of applications for this
technique. In this paper the definition
for differential ray tracing is given and
some applications for differential ray
tracing in CODE V are presented. Gen-
eral methods for computing differential
ray information are briefly discussed.

Definition of Differential
Ray Tracing

Consider some general optical system.
For this system, locate a Cartesian coor-
dinate system in the object space and
one in the image space (in this paper,
image space quantities are distinguished
by a prime: ). Now consider some ray
through the system, such as the one
shown in Figure 1.

In that figure, r,, represents the initial
position of the ray (on the plane Z =0,
say), while u, represents the initial ray
direction. Similar quantities are defined
for the image space. In general, one can
consider the final ray configuration to be
a function of the initial ray configura-
tion:

r (r,u), u (r,u).

These functions can be quite compli-
cated and generally cannot be deter-
mined in closed form for anything but
the simplest of optical systems. Note,
however, that it is generally possible to
determine the output position and direc-
tion of a ray for any given input position
and direction. That is, given an input ray
(with initial position and direction of r
and uy, for example), one can trace the
ray through the system to determine its
output position and direction (1’ and
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u’y, for example). While this
discrete ray information
allows one to perform a vari-
ety of analyses on an optical
system, for some computa-
tions (such as the ones
described below), it is con-
venient to have not just dis-
crete ray data, but also to
include differential ray data.

To understand the differen-

tial ray data, consider the ray
shown in Figure 1. The dif-
ferential ray data for this ray
allows one to determine (approximately)
the configuration of all closely spaced
rays about this ray (which is henceforth
referred to as the base ray). This situa-
tion is illustrated in Figure 2. A ray that
is closely spaced about this base ray is
also shown. The change in position and
direction of the close ray from the base
ray in the object space is labeled as Or
and Ou, respectively, and for the image
space the change is labeled as dr” and
ou’. By including differential ray data

Figure 1. This figure illustrates a ray in the object
space and image space of a general optical system.

for the base ray, the configuration of
closely spaced rays are determined by
means of a linear approximation:

r'(r, u) = r’p+Adr + Bou = dr’ = Adr + Bou
uw'(r,u) = u’y+Cor + Ddu = du” = Cor + Dou

The coefficients A, B, C, and D repre-
sent the differential ray information
about the given base ray. Note that in
general it takes two quantities to specify
the position of a ray (e.g., the Xand ¥
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Figure 2. This figure illustrates a ray that is closely spaced about the base ray.
Differential ray data about the base ray can be used to determine the change in
the final configuration from the base ray (6r” and 6u’) given the change in the

initial configuration (or and du).



coordinates on some plane), and two to
specify the direction, so that A, B, C,
and D are generally not scalars but are
themselves 2x2 matrices.

With the differential ray information,
one knows not just what a single ray is
doing, but there is now a region about
the base ray for which one knows how
rays behave (without having to trace
additional rays). This is illustrated sche-
matically in Figure 3.

Applications of
Differential Ray Tracing

First Order Properties

Differential ray data is commonly used
to compute the so-called first-order
properties of an optical system (in fact,
the first-order properties are generally
defined in terms of the differential ray
data). For rotationally symmetric optical
systems, the base ray is conventionally
taken to correspond

region about base ray for
which ray data is known

N

Base Ray

r— .

with the ray straight
down the axis of the
system. In this case the
symmetry of the sys-
tem allows the 2x2
matrices A, B, C, and
D that represent the
differential ray infor-
mation to be reduced
to scalar quantities, A4,
B, C,and D.

Figure 3. With differential ray information, one knows how
rays near the base ray behave without having to trace

additional rays.

Also note that the definition of differen-
tial ray information is commonly
expanded to include quantities that can
be easily derived from A, B, C, and D,
such as the change in the optical length
along a close ray from that of the associ-
ated base ray. Another way in which the
definition of differential ray tracing has
broadened is also discussed in the sub-
section below on tolerancing.

The next section contains a discussion
of three applications where differential
ray information is used to facilitate com-
putations. This is followed by a short
description of methods for computing
this differential ray information (i.e., the
coefficients A, B, C, and D).

As shown in Figure 4,
differential ray infor-
mation can be used to
compute familiar first-
order quantities such as the paraxial
image location and magnification.

Differential ray information about the
axial ray is used similarly to determine
the locations of the so-called Cardinal
points in an optical system, and to deter-
mine the approximate size of the illumi-
nated patch on each surface of an optical
system.

The situation for systems without sym-
metry is more complicated in detail but
it is conceptually similar: a ray from the
center of the object through the center of
the aperture stop is chosen as the base
ray, and differential ray data about this
ray is computed. Concepts such as

image location and focal points general-
ize but can still be computed from dif-
ferential ray information!.

Gaussian Beam
Propagation

The problem of modeling the propaga-
tion of Gaussian beams lies in the realm
of physical optics. Nonetheless, geomet-
rical optics—and in particular differen-
tial ray data—can be used to model the
propagation of Gaussian beams. Con-
sider some Gaussian beam that is input
into a symmetric system along the axis
and say this beam starts with width w
and wavefront radius, R. After propaga-
tion through the system, the beam has
width w” and wavefront radius R’. This
is illustrated in Figure 5. Further say that
one has computed the differential ray
information about the base ray that cor-
responds with the axis of the system.
This differential ray information can be
used to determine the output beam
parameters as a function of the input
beam parameters.2

This is commonly done by defining a
complex radius of curvature, ¢, as fol-
lows:

1 1 A

=

g R 7w

where A is the wavelength of light and i
is the square root of negative one. The
complex radius of curvature of the
Gaussian after propagation through the
system can be determined from the input
Gaussian and the differential ray infor-
mation as follows:

, Agq+B
1 Cqg+D

The width of the output
Gaussian and its wave-
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Finally, note that when
the Gaussian is not
propagating along the

Figure 4. Schematic illustration of the use of differential ray information to determine the paraxial

image location and the magnification in an optical system.

axis, the computation is
more involved, but still
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Figure 5. A Gaussian beam propagating through a rotationally

symmetric system.

only involves the differential ray infor-
mation about the central ray of the
Gaussian.3

Tolerancing

As part of the process of assigning man-
ufacturing tolerances to an optical sys-
tem, it is necessary to know how rays
change when an optical system is per-
turbed. In TOR, CODE V’s fast toler-
ancing feature, tolerances are generally
determined by considering changes to
the wavefronts. Thus, it is the change in
the optical path length (OPL) along a
ray from a given object point to a given
point in the exit pupil that is of interest,
and not the change of ray position at the
image. By collecting these changes in
OPL for a variety of rays when an opti-
cal system is perturbed, the change in
image quality can be determined. Based
on these changes, acceptable manufac-
turing tolerances are then assigned.

At first glance, it appears that differen-
tial ray information may be useful for
this process. For example, consider
Figure 6. This figure shows an optical
system in which one of the surfaces has
been perturbed (the curvature has gone
from c to ¢ + ¢, say). A ray that starts
at a given point on the object and passes
through a given point on the exit pupil is
shown both for the unperturbed and per-
turbed system. While the picture might
suggest that differential ray information
will be useful in determining the change
in optical path length, it turns out that on
account of Fermat’s principle, the differ-
ential ray data as defined in this docu-

ment is not necessary.* While the details
are somewhat involved, it turns out that
a good estimate for the change in OPL
can be determined simply from the
change in height of the surface (this is
labeled /4 in Figure 6) and the angle of
incidence and refraction for the unper-
turbed ray:

OOPL =(ncos®—n’"cos 6’) h

where n (') is the refractive index
before (after) the surface. While, strictly
speaking, differential ray information is
not used for this computation, this
approximate form for the change in
OPL, which is an integral part of the
CODE V tolerancing,’ is often thought

of as falling under the rubric of differen-
tial ray tracing.

Note that there is a connection between
the process of optimization and toler-
ancing. As such, differential ray infor-
mation also is used during optimization
for some CODE V merit functions.¢ For
example, the use of differential ray trac-
ing allows CODE V to realize signifi-
cant gains in efficiency for optimization
with MTF-based merit functions.”

Computing Differential
Ray Information

The simplest way to compute differen-
tial ray information is to trace a set of
real rays that are closely spaced about
the base ray and use finite differencing
to estimate the differential ray informa-
tion. This is akin to computing the
derivative of a function numerically via
finite differencing, which is illustrated
in Figure 7.

For a symmetric system with the base
ray going straight down the axis, two
additional closely spaced rays are
required to determine estimates for the
differential ray information. In the most
general case, four additional rays are
required (although similarly to conven-
tional finite differencing, more rays can
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Figure 6. Schematic illustration of a system with a perturbation. A ray through
the perturbed system and one through unperturbed system are shown. These
rays both start from the same object point and pass through the same point in

the exit pupil.
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Line defined by these two points gives a
linear approximation to f{x) which is

valid in the vicinity of x = x,,

Figure 7. Schematic illustration of the concept of finite differencing.

be used to increase the accuracy of the
estimates).

While finite differencing provides the
simplest means to compute differential
ray information, it requires that an
appropriate derivative increment (i.e.,
the analog of dx in Figure 7) be speci-
fied. This difficulty can be overcome for
many optical systems by computing the
differential ray information exactly.8
These methods are generally more com-
putationally efficient but require many
more lines of specialized code (e.g., dif-
ferent code is needed to compute the dif-
ferential ray information across an
aspherical surface than is needed for a
spherical surface).

Concluding Remarks

The study of general differential ray
tracing goes back well over one hundred
years® and the techniques involved in
computing differential ray information
are very well understood. In addition to

the works cited above, numerous contri-
butions to this field have been made by
others!9, These techniques are well
understood by the scientists at ORA and
they have been incorporated into

CODE V for the applications described
above, as well as for other applications
in which differential ray information
provides computational advantages.
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